The electromagnetic scattering of chiral metamaterials is simulated with the Mie series method. Based on the spherical harmonics vector function in chiral metamaterials, the electromagnetic fields inside and outside of chiral metamaterials sphere are expanded. By applying the continuous boundary condition between the chiral metamaterials and surrounding medium, and the transformation from linearly to circularly polarized electric field components, the co-polarized and cross-polarized bistatic radar cross scattering (RCS) of chiral metamaterials sphere are given. How to overcome the instability of chiral metamaterials sphere of Mie series formula is discussed. The electromagnetic scattering of chiral metamaterials, normal media and metamaterials are compared. The numerical results show that the existence of chirality ξ of chiral metamaterials can decrease the bistatic RCS compared with the same size as normal media sphere.
Introduction
In 1968, [1] theoretically stated that media with negative permittivity and permeability would have distinct electromagnetic characteristic. Inspired by the work of [2, 3] foremost constructed a composite "medium" in the microwave regime by arranging periodic arrays of small metallic wires and split-ring resonators (SRRs). These kinds of media can also be mentioned metamaterials, negative-index materials, and left-handed medium or double-negative (DNG) metamaterials. Reference [4] proposed and described alternative realizations of metamaterials that consisted of host transmission lines with embedded lumped series capacitors and shunt inductors. Since then, metamaterialswere studied extensively by research groups all over the Manuscript received July 22, 2010. * Corresponding author. This work was supported by the National Natural Science Foundation of China (61001027; 41104097), the Fundamental Research Funds for the Central Universities (ZYGX2010J046; ZYGX2011J045; ZTGX2009J041).
world, both theoretically and experimentally.
Reference [5] discussed the possibility of realizing negative refraction by chiral nihility. The authors firstly proposed the idea to fabricate a metamaterial composed of chiral particles, such as helical wires. Negative refraction is not in natural chiral materials. However, with chiral metamaterials, the macroscopic parameters can be designed. Reference [6] discussed in general the possibility to achieve negative refraction in chiral metamaterials. The condition to realize negative refraction in chiral metamaterials is analyzed and the result showed that it is simpler than for regular metamaterials where both electric and magnetic resonances are required to have negative ε and μ. In chiral metamaterials, neither ε nor μ needs to be negative. As long as the chiral parameter κ is large enough, negative refraction can be obtained in chiral metamaterials [7, 8] .
Chiral metamaterials have different responses for a lefthand circularly polarized (LCP) wave and a right-hand circularly polarized (RCP) wave due to the intrinsic chiral asymmetry of the media [9, 10] . Also, there is a crosscoupling phenomenon between the electric field and magnetic field going through a chiral metamaterials. A dimensionless chirality parameter κ is used to describe this crosscoupling effect. The refractive indices of RCP and LCP waves become different due to the existence of κ.
Chiral metamaterials have many applications in antennas, polarizers, waveguides and invisible cloaks and so on [11] . Many theoretical investigations have been made to study electromagnetic wave scattering of metamaterials with different methods such as the finite-difference timedomain (FDTD) method [12, 13] and Mie series solution etc [14−17] .
A rigorous Mie series solution of electromagnetic fields scattered by a homogeneous isotropic dielectric sphere was originated by Mie [18] in 1908. Mie series solution that has many applications in scattering fields can be obtained by solving Maxwell equation based on the wave equation and boundary conditions. Mie series solution predicts the track of wave propagating through spheres and can be used in scattering of many kinds of types and sizes spheres in any angle [19−22] . This paper discusses the scattering characteristic of chiral metamaterials sphere with Mie series method for the first time. A plane wave can be expanded in spherical harmonics vector function. With the character of Legendre polynomial and spherical harmonics vector function, the electromagnetic fields in chiral metamaterials can be obtained. By applying the boundary condition between the chiral metamaterials and surrounding medium, and the transformation from linearly to circularly polarized electric field components, the expanded co-polarized and crosspolarized bistatic radar cross scattering (RCS) of chiral metamaterials sphere are given. Then, after numerical verification result of the program being shown, the bistatic RCS of chiral metamaterials and normal media are compared.
Formula of Mie series solution for chiral media

Chiral metamaterials
The structure of a chiral metamaterial sphere irradiated by a plane wave is shown in Fig. 1 . The plane wave is incident in the z direction, and polarized in the x direction, written in spherical polar coordinates as
where η 0 and k 0 are wave impedance and wave vector for the free space respectively [15] , and The constitutive relations for chiral metamaterials can be written as
where κ is the chirality parameter. Equation (3) can be alternatively written as
The relative chirality ξ r is defined as
The parallelly polarized electromagnetic fields (E, H) in a chiral metamaterials can be decomposed into the righthanded circularly polarized fields (E + , H + ) and the lefthanded polarized fields (E − , H − ):
These waves propagation in the chiral metamaterials can be treated as equivalent isotropic media characterized by (ε ± , μ ± ). The electric displacement vectors D ± , magnetic induction polarization intensities B ± , and wave impedances η ± for the equivalent media are defined by
where permittivity ε = ε 0 ε r and permeability μ = μ 0 μ r , and
Then the relation between E ± and H ± in (6) can be rewritten as
Maxwell's equations for the equivalent chiral metamaterials are
where k ± are the wave vectors for the chiral metamaterials. If ε r , μ r and ξ r are properly chosen, negative refraction can be realized in chiral metamaterials whether the (RCP) or LCP field incident.
Expansion coefficients
The RCP and LCP fields in chiral metamaterials, i.e. (11), can be expressed using spherical harmonics vector wave functions as [19, 22] 
where i equals 1 or 4. The superscript "1" relates to the first type of spherical Bessel function and "4" denotes the second kind of spherical Hankel function. It is to be noted that the notations {o, e} mn and {e, o} mn mean the summation form of both even and odd modes should be taken into account. The magnetic field in (6) can be expressed in the following form:
The incident electromagnetic fields (E inc , H inc ) in (1), scattered fields (E S , H S ) and fields (E chiral , H chiral ) in chiral metamaterials can be written in terms of spherical harmonics vector function as
o1n (k0r)
The electromagnteic fields [15] in (15) satisfy the following boundary conditions at the spherical interfaces:
From the orthogonality of sin φ and cos φ, the boundary conditions above, together with (15) for the vector harmonics, we eventually obtain eight linear equations in the expansion coefficients. These equations are easily solved for the coefficients a 1n , b 1n , c 1n and d 1n of the scattered fields as
with
The results in (19) are different to those in [15] that the author does not think right. It should be paid attention to that R is negative if both ε r and μ r are negative. As we know, many Mie calculation schemes have a weakness for absorbing sphere due to numerical instabilities in the computation of Bessel functions with complex arguments. In order to avoid computing Bessel functions with complex arguments, this paper tries to rearrange the coefficients for the scattered fields of a sphere and write them in a more suitable form for computation as follows [16] :
D n1 and D n2 can be stably computed by downward recursion, while F n0 can be stably computed by forward recursion.
Transformation from linearly to circularly polarized electric field components
Consider a chiral metamaterials sphere that is illuminated by a plane harmonic wave shown in Fig. 2 . The direction of propagation of the incident light defines the z axis, the forward direction. It is convenient to resolve the incident electric field E i , which lies in the xy plane, into components parallel (E i ) and perpendicular (E ⊥i ) to the scattering plane:
The orthonormal basis vectorsê x ,ê y ,ê z are in the direction of the positive x, y, and z axes.ê r ,ê θ ,ê φ are the orthonormal basis vectors associated with the spherical polar coordinated system (r, θ, φ). If the x and y components of the incident field are denoted by E xi and E yi , then E ||i = cos φE xi + sin φE yi
E s and E i are specified to different sets of basis vectors. The amplitude of the field scattered by an arbitrary particle is a linear function of the amplitude of the incident field because of the boundary conditions. The relation between the incident and scattered field is conveniently written in matrix form,
(25) The off-diagonal elements of the amplitude scattering matrix (25) are zero for a nonactive sphere. If the sphere is optically active, however, the matrix elements are
These four series depend, in general, on θ, the scattering angle, and the azimuthal angle φ. In problems involving optically active particles, it is usually more convenient to use the amplitude scattering matrix in the circular polarization representation. The transformation from linearly to circularly polarized electric field components is [19] 
and the inverse transformation is
If the fields in (25) are transformed according to (27) and (28),
This relation is not restricted to a specific particle. For an optically active sphere, two of the matrix elements are equal according to (26), S 3c = S 4c . The co-polarized bistatic RCS, σ θθ , and the crosspolarized bistatic RCS, σ φθ , can then be defined as
With the assumption that the plane of interest is defined by φ = 0
• , one can obtain
where P 1 n is a Legendre function.
Numerical results
To demonstrate the validity of the Mie series solutions for chiral metamaterials, Fig. 3 gives E-plane patterns of impedance-matched, ideal, homogeneous metamaterials spheres. CARLOS-3D is a frequency-domain method-ofmoments (MoM) code in [14] . The bistatic data are depicted in dBsm, where the monostatic angle corresponds to 0
• . The sphere is a 0.1-m-radius of metamaterials described by ε 1 = μ 1 = −1.0 − j0.001, ξ = 0. The incident wave frequency is chosen to be 6 GHz. In spite of the richness of features found in the response of the metamaterials sphere (such as specular contribution, multiply refracted rays, and surface waves around the sphere), the backscattering of a metamaterials sphere (ε(f ) = μ(f )) will add up to zero. The agreement shown in Fig. 3 between Mie series solution and CARLOS-3D method is good. The circular curve and curve consisting of crosses in Fig. 5 represent σ φφ of a metamaterials (ε r = −4.0 + j0.001, μ r = −1.0 + j0.001, ξ = 0) and chiral metamaterials (ε r = −4.0 + j0.001, μ r = −1.0 + j0.001, ξ = 0.1 + j0.001) sphere, respectively. As shown in Fig. 5 , the existence of chirality ξ of chiral metamaterials decreases the bistatic RCS compared with the same size as metamaterials sphere to some extent. Because the signs for real part ameng ε r , μ r and ξ of chiral metamaterials are opposite, the larger mismatch of impedance make the cloak characteristic of chiral metamaterials be not better than metamaterials. 
Conclusions and discussions
Mie series solution of electromagnetic scattering by homogeneous dispersive chiral metamaterials sphere is investigated. How to overcome the numerical instabilities of the Bessel function is discussed. Then, the RCS of an impedanced-matched, ideal, homogeneous doublenegative metamaterials sphere is computed to demonstrate the validation of the program. The co-polarized and crosspolarized RCS of normal media, metamaterials and chiral metamaterials are discussed. The cross-polarized bistatic cross-section for a chiral media or chiral metamaterials is no longer zero. The numerical results show that the existence of chirality ξ of chiral metamaterials in generally decreases the bistatic RCS compared with the same size as normal media sphere. The selection of the media parameters affects the cloak characteristic of chiral metamaterials. The formula for electromagnetic scattering characteristic of metallic sphere covered by chiral metamaterials will be deduced and realized in the future.
